Recently, there have been several studies on ultrasonic cross-sectional imaging based on simultaneous reception of echo signals with an array transducer without scanning ultrasonic beams during transmission. In those studies, parallel processing was applied to create an image from a data set simultaneously received by the array. However, the lateral resolution of the parallel processing is not high. In this study, in order to improve the spatial resolution of parallel processing, the least-squares estimation and the truncated singular value decomposition (tSVD) are applied to the echo signals from two wire targets simultaneously received with a multichannel transducer array. We introduced a weighting for correcting the effect of the directivity of the elements of the array. The experimental results show a higher lateral resolution of the tSVD method with weighting than that of conventional parallel processing. The axial resolution is also improved by considering the finite duration of the transmitted ultrasonic pulse. A typical application of this method is nondestructive evaluation, that is, the detection of cavities and cracks in welded metal structures.
Introduction
In some methods reported in literature, [1] [2] [3] [4] [5] echo signals are simultaneously received by all elements of a linear array transducer without forming or scanning ultrasonic beams during transmission. To create an image from a data set simultaneously received by the array, the parallel processing technique 6) is used. In this method, multiple receiving beams are formed simultaneously within a wide transmitted beam (or spherical wave insonification). This imaging procedure achieves a high frame rate which cannot be realized by conventional B-mode imaging with scanning of thin ultrasonic beams during transmission. Such methods based on simultaneous reception has been applied to flow imaging, 1) the measurement of two-dimensional motion vectors, 2, 3) and real-time three-dimensional imaging. 4, 5) Furthermore, synthetic aperture processing, 7) which generates a wide effective aperture by means of several transmissions, can be combined with parallel processing to improve the spatial resolution.
Parallel beam forming (PBF), which is performed by means of time-delay focusing, achieves spatially matched filtering, 5, 8) which maximizes the signal-to-noise ratio (SNR) at each point. However, the lateral resolution of the PBF is lower than that of conventional phased array beam forming because the directivity of the transmitting beam is weak in parallel processing.
Some methods for inverse filtering of simultaneously received echoes have been introduced in order to improve the lateral resolution. 9, 10) These methods are based on the discrete propagation model of ultrasonic pulse echoes and on solving the inverse problem in order to estimate the scattering strength distribution from received signals. 11, 12) However, this inverse problem is difficult to solve under some conditions. In such a situation, small errors in measured data produce large errors in the estimated results. 13) For the application of these inverse filtering methods, weighting to the receiving aperture should be considered. Because the elements of a transducer array have directivity, the contributions of the received signals to the estimation are not equal. If the difference in the amplitudes of received signals is not considered in the propagation model, it induces large errors in the estimation.
In this study, to increase the lateral resolution, the scattering strength distribution in the region of interest (ROI) is estimated by applying the least squares (LS) method and truncated singular value decomposition (tSVD) to the simultaneously received echo signals from two wire targets during one transmission. The spatial resolution in the separation of the scatterers is compared with that of PBF, and the effects of weighting and truncation are investigated. A typical application of this method is nondestructive evaluation (NDE), that is, the detection of cavities and cracks in welded metal structures. To investigate other applications, we analyzed the influences of noise on these estimators.
Principles

Discrete model of pulse echo measurement
To apply inverse filtering, a linear discrete model of pulse echo measurement is employed. 12) As shown in Fig. 1 , the scattering strength distribution in the region of interest (ROI) is discretized in an M Â N matrix, O. The scattering strength at position ðx m ; z n Þ (m ¼ 0; 1; . . . ; M À 1; n ¼ 0; 1; . . . ; N À 1) is represented by an element ðOÞ m;n of the matrix. An ultrasonic pulse emitted from a transmitting position, x T , is insonified to the entire ROI and is reflected by scatterers in the ROI. The echo is received at positions fx R j g ðj ¼ 0; 1; . . . ; L À 1Þ of L elements simultaneously. The sampled Klength echo signals, fy j ðkÞg ðk ¼ 0; 1; . . . ; K À 1Þ, obtained at receiving position x R j are represented by a K-dimensional vector, y j ¼ ½y j ð0Þy j ð1Þ Á Á Á y j ðK À 1Þ T , where T denotes a transpose. The amplitudes of the received signals vary depending on the receiving positions because of attenuation, spreading loss, and the directivity of an element. Therefore, in this paper, the weighting function, fw ðm;nÞ j g, is introduced to show the change in the amplitude of the received signal. Thus, the received signal is expressed as shows the discrete impulse response which corresponds to the delay due to propagation from the transmitting point ðx T ; 0Þ to a receiving point ðx R j ; 0Þ via point ðx m ; z n Þ. The integral ratio of the propagation delay, k ðm;nÞ j , to the sampling period, T s , is given by 
given by eq. (2.2), 0 otherwise.
ð2:3Þ
The transmitted ultrasonic pulse is not the impulse, and it has a finite pulse duration. The ultrasonic pulse transmitted from a transducer is expressed by the convolution of the pulse waveform, sðkÞ, which is determined by the frequency response of the transducer, and the delayed impulse, h ðm;nÞ j . Therefore, let S be a K Â K lower triangular matrix showing the waveform of the transmitted pulse, sðkÞ, such that where e is a KL-dimensional vector corresponding to additive noise.
Estimation of scattering strength distribution
Let us regard the estimation of the scattering strength distribution as an inverse problem. We follow Lingvall's method 14) and the inverse filtering is applied as presented below. It is assumed that noise, e, is white and has no correlation among the receiving positions fx R j g. The leastsquares solution of eq. (2.6), denoted byô o LS , is given by minimizing the power of noise e, J LS , as
Setting the partial derivative of J LS with respect to o T to zero, the normal equation is obtained as
The solution of eq. (2.8) is given bŷ
In this study, eq. (2.6) is over-determined (KL > MN). If matrix P is full rank, a unique LS solution exists. The singular value decomposition (SVD) of matrix P is given by
where U and V are KL Â KL and MN Â MN orthogonal matrices composed of the eigenvectors of PP T and P T P, respectively. Using the SVD, matrices U and V are determined uniquely. AE ¼ diag½ 1 2 Á Á Á MN is a KL Â MN diagonal matrix and i is the i-th singular value, where
The singular values are the square roots of the eigenvalues of both PP T and P T P. In the tSVD, the nonsignificant singular values are set to zero. Using the tSVD, the pseudo-inverse matrix of P is given by
and r is the truncation order. By substituting eq. (2.11) into eq. (2.9), the tSVD estimate,ô o tSVD , is given byô
ð2:12Þ The PBF estimation is obtained by the product of the transpose of P and the received signals y. In the PBF, the waveform of the transmit pulse sðkÞ is not considered (S ¼ I,
, 0 ) I: identity matrix) in propagation matrix P in eq. (2.14) in order to perform only the coherent summation of the received signals. As shown in eq. (2.14), the least-squares solution,ô o LS , in eq. (2.9) becomes identical toô o SA when matrix P is orthogonal.
Consideration of effects of noise in estimation
To compare the effects of noise e, eqs. (2.9), (2.12), and (2.14) are resolved into the true components and the noise components by substituting eq. (2.6) into the respective equations.
15)
The LS estimation is rewritten aŝ 
17Þ
The matrix 2-norm of VAE þ r U T is 1= r . Thus, the truncation reduces the magnitude of error in eq. (2.17) to r = MN of that in eq. (2.16). For medical application, the SNR is low and the truncation order r should be set to a lower order. Then, the bias error, o À VI r V T o, is increased due to the low-order truncation. As a result, the spatial resolution becomes low.
In the same way as above, eq. (2.14) is rewritten aŝ
where Ã ¼ AE T AE is a MN Â MN matrix composed of the eigenvalues of P T P. Even if the SNR is infinite, bias error is caused because matrix Ã is not equal to the identity matrix. However, the true scatter strength distribution o and noise e are multiplied by matrices with the 2-norm of kVÃV
The magnitude of the first term is more amplified than that of the second term. This means that the PBF enhances the echo signal from each point (x m ; z n ). Thus, the PBF is effective when the SNR is low.
Experimental Procedure
Data acquisition
The experimental setup is illustrated in Fig. 2 . The multichannel simultaneous reception by an array transducer is simulated with two single flat transducers (diameter D ¼ 1 mm) implementing the following data acquisition sequence. An ultrasonic pulse (center frequency f c ¼ 10 MHz) is emitted from one of the transducers at the position x T . The length of the Fresnel zone is D 2 =4 ¼ 1:6 mm. Two metal wires with a diameter of 30 mm, which can be considered as point scatterers, are set in the water tank. The distance between two wires is 1 mm and the wires are at the same depth and symmetric with respect to the z-axis. The ultrasonic pulse is scattered by the wires and is received by the other transducer at the position x R j . The acquisition of the received signals, fy j g, is triggered by the transmitting pulse. The receiving transducer is moved to the next receiving point x R jþ1 , using an x-stage, for the next transmission.
Experimental setup
The relative positions of the simulated array and the ROI are shown in Fig. 3 . Figure 4 shows the correspondence among the sampled RF data points, and their positions in the ROI. The transmitting point, the center of the simulated array, and the center of the ROI are set on the z-axis. The impulse responses fh ðm;nÞ j g are determined from the above parameters using eqs. (2.2) and (2.3).
Determination of weighting function
The weighting function, fw ðm;nÞ j g, in eq. (2.1) is determined from the directivity of the transducers. The directivity of flat transducer is expressed as where a is the radius of the transducer, k is the wave number, and J 1 is the first-order Bessel function. Using the directivity DðÞ, the weighting function is defined as
where R is the receiving angle and T is the incident angle for each point ðx m ; z n Þ, as shown in Fig. 5 . These angles are given by
The amplitudes of received signals are also affected by attenuation during propagation. The attenuation is caused by diffraction loss, absorption, and scattering. Since scattering does not occur in water, the attenuation factor in the weighting function is determined by diffraction and absorption. The amplitude of ultrasound, pðdÞ, after propagating through distance d is given by In the situation shown in Fig. 3 , the influence of the attenuation term is much smaller than that of directivity (min ÁN p ¼ 0:97) because the attenuation in water is very small and the difference between d ðm;nÞ j and d min is small. Therefore, the weighting function is determined using eq. (3.2).
Results
The case of neglecting the waveform
of the transmitting pulse Here we show the estimation results when the waveform of the transmitted pulse sðkÞ is not considered in propagation matrix P in order to compare the results obtained by tSVD with those obtained by PBF. The distribution of the singular values f i g of the propagation matrix P of the measurement system used in this study is shown in Fig. 6 . Matrix P is full rank and the unique LS solution exists because all singular values are nonzero. In this study, the truncation order r is set so that r = 1 is equal to À20 dB.
The received signals, fy j g, from the two wires are shown in Fig. 7 . The amplitude of the received signals is represented in a gray-scale image.
The estimation results of PBF, LS, and tSVD are shown in Fig. 8 . The amplitude of the estimated scattering strength is represented in color in a linear scale. To enable the z N -1 The profiles of these estimations along the x-axis at the depth of z n ¼ 47:06 mm are shown in Fig. 9 . The profile of the PBF with weighting becomes smoother than that without weighting in Fig. 9(a) . On the contrary, LS and tSVD estimations do not become smooth with weighting, as shown in Figs. 9(b) and 9(c) . The tSVD estimation has two significant peaks, which correspond to the positions of the wires. Furthermore, the difference between the peak values and the lowest value between peaks is larger than that in PBF, and the weighting enhances the difference. Therefore, the tSVD method is stabler than the LS method, and the performance of the tSVD with weighting is better than that of the PBF for the separation of the neighboring scatterers.
The case of considering the waveform
of the transmitted pulse Now we show the estimation results when the waveform of the transmitted pulse sðkÞ is considered. The transmitting pulse sðkÞ is measured by receiving an echo from a glass plate. The measured waveform is shown in Fig. 10 . The singular value distribution of matrix P, in which sðkÞ is considered, is shown in Fig. 11 . Compared with Fig. 6 , the higher-order singular values become very small because sðkÞ is a narrow band signal in comparison with the impulse Fig. 14(a) . On the other hand, the pulse duration becomes short when considering sðkÞ in matrix P, as shown in Fig. 14(b) [the estimate became close to an impulse (= scattering strength)]. The power spectra of these profiles along the z-axis are shown in Fig. 15 . Figure 15(a) shows the power spectrum of the transmitted pulse sðkÞ. The bandwidth of the estimate without considering sðkÞ shown in Fig. 15(b) is similar to that of in Fig. 15(a) . As shown in Fig. 15(c) , the bandwidth of the estimate considering sðkÞ is broadened around the center frequency of 10 MHz, which corresponds to the improvement in the axial resolution by the convolution of the transmitted pulse and the impulse response.
Conclusions
In this study, we constructed an experimental setup for the simulation of multichannel simultaneous reception of echo signals by a linear array transducer using two single-element ultrasonic transducers. The echo signals from two fine wires were acquired, and the scattering strength distribution in the ROI was estimated. Compared with the PBF, the tSVD method with weighting was effective in separating the neighboring scatterers. The results showed a potential of the proposed method for B-mode imaging with a high spatial resolution at a high frame rate. It is considered that the tSVD method is effective for NDE applications. In medical applications, the SNR is low and a lower-order truncation, which leads to a degradation of spatial resolution, is necessary. 
